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Abstract
We study, in the context of five-dimensional N = 2 gauged supergravity with vector and hypermultiplets, curved domain
wall solutions with worldvolumes given by four-dimensional Einstein manifolds. For a choice of the projection condition on the
Killing spinors of the BPS solutions, first order differential equations governing the flow of the scalars are derived. With these
equations, we analyze the equations of motion and determine conditions under which gauged supergravity theories may admit
Einstein domain wall solutions. These conditions, however, can be reconciled with the integrability conditions of the Killing
spinors equations only for vanishing cosmological constant.  2001 Published by Elsevier Science B.V.
1. Introduction
Recently there has been some interest in the study
of supersymmetric as well as non-supersymmetric do-
main walls and black holes as solutions of N = 2 five-
dimensional gauged supergravity. This activity has
been motivated mainly by the desire to embed the
Randall–Sundrum [1] scenario in the framework of
string or M-theory. The choice for five-dimensional
gauged theories comes from the fact that such theories
allow for anti-de Sitter vacuum states which are fun-
damental for the realization of the Randall–Sundrum
model. Also of interest is the study of black hole so-
lutions in gauged supergravity theories as they play a
fundamental role in the conjectured AdS/CFT corre-
spondence [2]. In the past few years, supersymmetric
black holes and strings, as well as non-supersymmetric
generalizations, have been constructed (see [3]) for the
U(1)-gauged N = 2 supergravity [4].
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Very recently, there has been a shift towards the
study of N = 2 supergravity with gauged hypermul-
tiplets. Ultimately, one would like to investigate the
most general theories and study their solutions in the
hope of finding a particular model which may incor-
porate Randall–Sundrum scenario in a supersymmet-
ric setting. Flat domain walls and black hole solutions
for five-dimensional supergravity theories with gauged
isometries of the hypermultiplets have been discussed
very recently in [5–7].
In this Letter we are interested in the study of curved
Einstein domain walls for the gauged supergravity the-
ories discussed in [9]. Such a study has been initiated
by the recent work of Cardoso et al. [10]. In a previous
paper [8], we have shown that the flat-worldvolume
domain wall solutions found in [5] can be general-
ized to solutions with Ricci-flat worldvolumes. In the
work of [5] it was established that flat BPS domain
wall solutions of gauged supergravity with hypermul-
tiplets can only exist under certain conditions (see next
section). These conditions are in general not satisfied
and this may restrict the class of gauged supergravi-
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ties that have flat BPS solutions. Our purpose in this
work is the study of supersymmetric domain wall so-
lutions with four-dimensional worldvolumes given by
Einstein spaces with a negative cosmological constant.
In the analysis of [8], where the projection condition
on the Killing spinors as given in [5] was used, it was
shown that such solutions do not exist. Later, and in
the revised work of [10] a more general projection
condition was proposed. We shall show here that the
conclusions of [8] remain valid and that supersymmet-
ric Einstein domain wall solutions in presence of non-
trivial matter, within the framework of [10], are not
allowed. However, non-supersymmetric solutions may
be possible if one satisfies the equations of motion and
ignores the integrability conditions coming from the
Killing spinors equations. The conditions under which
the non-supersymmetric solutions of [11] (generalized
to many vector and hypermultiplets) can be obtained
as solutions of five-dimensional supergravity theory
are determined. Our analysis is carried out in the con-
text of gauged N = 2 supergravity models of [9] and
in the absence of tensormultiplets.
We organize this Letter as follows. In the next
section the supergravity theories we wish to study
are reviewed together with a brief discussion on their
possible Ricci-flat domain wall solutions. In Section 3,
we look for BPS Einstein domain wall solutions and
derive first order differential equations by solving for
the vanishing of supersymmetry transformations of
the Fermi fields in a bosonic background. This is
done for a general choice of the projection condition
on the Killing spinors which was given in [10]. The
equations of motion are analyzed and we determine
some conditions under which the models presented in
[11] can be embedded in gauged N = 2 supergravity
theory. We demonstrate that the constraints derived
from the equations of motion can not be combined
with the integrability conditions (coming from the
requirement of unbroken supersymmetry) and thus
the solutions do not in general admit supersymmetry.
Finally we summarize our results and discuss possible
future directions.
2. Ricci-flat domain walls
In this section we briefly review gauged supergrav-
ity models and their possible Ricci-flat domain wall
solutions [5,8,9]. The gauged supergravity theories we
are interested in are those minimal theories (with eight
real supercharges) coupled to nV vectormultiplets and
nH hypermultiplets, where global isometries including
R-symmetry are made local. Specifically, we consider
the models constructed in [9] without tensormultiplets.
The Fermionic fields of the N = 2 supergravity the-
ory are 1 the gravitini ψiM which are symplectic Majo-
rana spinors (i = 1,2 are SUR(2) indices), the gaug-
ini λaˆi
2 and the hyperini ζ α (α = 1, . . . ,2nH ). The
bosonic fields consist of the graviton, vector bosons
AIM (I = 0,1, . . . , nV ), the real scalar fields φx , (x =
1, . . . , nV ) of the vectormultiplets and the scalars qX
(X = 1, . . . ,4nH ) of the hypermultiplets. The scalar
fields of the theory live on a manifold M =MV ⊗
MH , which is the direct product of a very special [12]
and a quaternionic Kähler manifold [13] with metrics
denoted, respectively, by gxy(φ) and gXY (q). The tar-
get manifold of the scalar fields of the vectormultiplets
MV is a very special manifold described by an nV -
dimensional cubic hypersurface
(2.1)CIJKhI
(
φx
)
hJ
(
φx
)
hK
(
φx
)= 1
of an ambient space parametrized by nV + 1 coordi-
nates hI = hI (φx), where CIJK is a completely sym-
metric constant tensor which defines Chern–Simons
couplings of the vector fields. A classification of the
allowed homogeneous manifolds can be found in [12].
The quaternionic Kähler manifold can be described
in terms of the 4nH -beins f Xiα obeying the relation
gXY f
X
iα f
Y
jβ = "ijCαβ , where "ij and Cαβ are the
SU(2) and USp(2nH ) invariant tensors, respectively.
We are mainly interested in finding bosonic con-
figurations and we display only the bosonic action of
the gauged theory as well as the supersymmetry varia-
tions of the Fermi fields in a bosonic background. The
bosonic action for vanishing gauge fields is given by
E−1L= 1
2
R − 1
2
gXY ∂Mq
X∂MqY
(2.2)− 1
2
gxy∂Mφ
x∂Mφy − V(φ, q),
1 In this Letter, the indices A,B represent five-dimensional flat
indices, A= (a,5). Curved indices are represented by M = (µ, z).
2 Here aˆ is the flat index of the tangent space group SO(nV ) of
the scalar manifoldMV .
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where E = √−detgMN and the scalar potential is
given by [9]
V =−g2[2PijP ij − P aˆijP aˆ ij ]+ 2g2NiαN iα
and
Pij ≡ hIPI ij , P aˆij ≡ haˆIPI ij ,
(2.3)N iα ≡
√
6
4
hIKXI f
αi
X .
Here KXI , PI are the Killing vectors and prepotentials,
respectively. For details of the gauging and the mean-
ing of the various quantities, we refer the reader to [9].
In a bosonic background, the supersymmetry trans-
formations of the Fermi fields in the gauged theory (af-
ter dropping the gauge fields contribution) are given by
δψMi =DMεi + i√
6
gΓMε
jPij ,
δλaˆi =−
i
2
f aˆx Γ
Mεi∂Mφ
x + gεjP aˆij ,
(2.4)δζ α =− i
2
f αiXΓ
Mεi∂Mq
X + gεiN αi .
Flat domain walls for the general gauged N = 2 su-
pergravity theory without tensormultiplets were con-
sidered in [5]. There, it was found that if one writes
P (r)(φ, q)= hI (φ)P (r)I (q)=
√
3
2
WQ(r),
(2.5)Q(r)Q(r) = 1,
where W is the norm (the superpotential) and Q(r) are
SU(2) phases of P (r)(φ, q), then the existence of BPS
flat domain wall solutions with metric
(2.6)ds2 = e2U(z)ηµν dxµ dxν + dz2,
and Killing spinors satisfying
(2.7)Γzεi = γ5εi =Q(r)σ (r)ij εj ,
will require that Q(r) satisfy the condition
(2.8)∂xQ(r) = 0.
The condition (2.8) then implies that the scalar poten-
tial takes a form which guarantees stability [14],
(2.9)V = g2
(
−6W 2 + 9
2
gΛΣ∂ΛW∂ΣW
)
,
where Λ,Σ run over all the scalars of the theory. The
condition (2.8) is satisfied when there are no hyper
scalars but only Abelian vectormultiplets, in which
case the Q(r) are constants. Also (2.8) is obviously
satisfied when there are no physical vectormultiplets.
In general, the condition (2.8) is not satisfied for a
generic point on the scalar manifold, and this may
restrict the class of gauged theories that have Ricci-flat
BPS solutions.
The scalar fields and the warp factor for the flat BPS
domain wall solutions are given by [5]
φ′Λ =−3ggΛΣ∂ΣW, φΛ =
(
φx, qX
)
,
(2.10)U ′ = gW.
The prime symbol denotes differentiation with respect
to the fifth coordinate z. As discussed in [8], the flat
BPS domain walls of [5] can be promoted to solu-
tions with Ricci-flat worldvolumes. The amount of su-
persymmetry preserved by the five-dimensional do-
main wall depends on the amount of supersymmetry
preserved by its four-dimensional Ricci-flat worldvol-
ume.
3. Einstein domain walls
In this section, we are interested in studying domain
walls with Einstein worldvolumes with a negative cos-
mological constant. In [8], it was shown that super-
symmetric solutions are not necessarily solutions of
the equations of motion (see also [15,16]). Therefore
it is important, in our subsequent analysis, to make
sure that possible supersymmetric configurations sat-
isfy the equations of motion. Our main interest is to de-
termine the conditions under which the N = 2 gauged
supergravity theories may allow for Einstein domain
wall solutions. We start our analysis by allowing for
a general projection condition on the Killing spinors;
therefore, we write [10]
γ5εi =
(AQ(r) +BN(r))σ (r)ij εj ,
Q(r)Q(r) =N(r)N(r) = 1, A2 +B2 = 1,
(3.1)Q(r)N(r) = 0,
where all quantities appearing in the projection con-
dition are in general field dependent. If A = 1, one
has the projection condition of [5]. For these cases, as
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mentioned in the previous section, it was found that
one must satisfy ∂xQ(r) = 0 in order to obtain Ricci-
flat BPS domain wall solutions.
The metric of our curved domain wall can be put in
the form
(3.2)ds2 = e2U(z)gµν(x) dxµ dxυ + dz2,
and all the dynamical scalar fields of the theory are
assumed to depend only on the fifth coordinate z.
The non-vanishing spin connections for our metric are
given by
Ωµab(x, z)= ωµab(x),
(3.3)Ωµa5(x, z)=U ′eUeaµ(x).
From the vanishing of the µ-component of the gravi-
tini supersymmetry transformation we obtain
δψµi =Dµεi + 12e
Uγµ
(
(AU ′ − gW)Q(r)
(3.4)+BU ′N(r))σ (r)ij εj ,
where we use the projection condition (3.1) as well as
(3.5)
Γµ = eUγµ, Γz = γ5, Dµ = ∂µ + 14ω
ab
µ γab.
The vanishing of the gaugini supersymmetry transfor-
mation results in the following equations represent-
ing the supersymmetric flow of the vectormultiplets
scalars [10]
(3.6)Aφ′x =−3ggxy∂yW,
(3.7)BN(r)φ′x =−3ggxyW∂yQ(r).
Notice that these equations generalize the first order
differential equation given in [11] to the cases of many
vectormultiplets.
From the vanishing of the hyperini supersymmetry
transformation, we obtain the supersymmetric flow
equation of the hyper scalars. This is given by
(AgXY + 2B"(r)(s)(t)Q(r)N(s)R(t)XY )q ′Y
(3.8)=AGXYq ′Y =−3g∂XW.
If one requires that the worldvolume Ricci-tensor
satisfy
(3.9)R(4)µν =−12c2gµν,
then integrability coming from the vanishing of (3.4)
will imply [10]
(3.10)(AU ′ − gW)2 +B2U ′2 = 4c2e−2U .
We now turn to the analysis of the equations of
motion. The Einstein equations of motion give for the
worldvolume Ricci-tensor
(3.11)R(4)µν = gµνe2U
(
4U ′2 +U ′′ + 2
3
V
)
.
Also one finds the following expression for the zz-
component of the five-dimensional Ricci-tensor
(3.12)
R(5)zz = gΛΣ∂zφΛ∂zφΣ +
2
3
V =−4(U ′′ +U ′2).
Using (3.6) and (3.7), the scalar potential of the theory
now takes the form [10]
V = g2
(
−6W 2 + 9
2
gΛΣ∂ΛW∂ΣW
+ 9
2
W 2gxy∂xQ
(r)∂yQ
(r)
)
(3.13)
= g2
(
−6W 2 + 9
2
gXY ∂XW∂YW
+ 9
2A2 g
xy∂xW∂yW
)
.
From (3.11) and (3.12) together with the supersym-
metric flow equations, one finally gets for the world-
volume Ricci-tensor the following expression
R(4)µν = 3gµνe2U
(
U ′2 − g2W 2
(3.14)
− 3
4
g2∂XW∂YW
(
1
A2G
YVGXUgUV − gXY
))
.
The equation of motion for the scalar fields derived
from the action (2.2) reads
(3.15)
∂
∂φΛ
V + 1
2
∂ΛgΓΣφ
′Γ φ′Σ = e−4U (e4UgΛΣφ′Σ )′.
Using the expression for V as given in (3.13), one
then obtains, respectively, for the vectormultiplets and
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hypermultiplets scalars, the following equations
12g
(
U ′
A − gW
)
∂zW
+ 9g
2
A3 g
xy∂y(∂xA∂zW − ∂xW∂zA)
+ 9g2∂YW∂X∂zW
(
gXY − G
XY
A2
)
(3.16)+ 9g
2
A3 G
XY ∂XA∂YW∂zW = 0,
12g
(
U ′
A gZXG
XY − gWδYZ
)
∂YW
+ 9g
2
2
∂ZgXY ∂UW∂VW
×
(
1
A2G
XUGYV − gXUgYV
)
+ 9g2∂U∂YW∂VW
(
δUZ g
YV − 1A2 gZXG
XYGUV
)
+ 9g
2
A2 ∂x∂YW∂yWg
xy
(
δYZ − gZXGXY
)
+ 9g
2
A3 gZXG
XY ∂YWG
UV ∂UA∂VW
− 9g
2
A3 g
xy∂ZA∂xW∂yW + 3gA
(
gZXG
XY
)′
∂YW
(3.17)+ 9g
2
A3 gZXG
XY ∂YWg
xy∂xA∂yW = 0.
In the following, we will demonstrate that some of the
conditions one must impose in order to obtain Einstein
domain walls are
(3.18)∂XW = 0, ∂XA= 0.
For such conditions we obtain, from the Ricci-scalar
equation (3.14) as well as integrability condition
(3.10), the equations
(3.19)(U ′2 − g2W 2)=−4c2e−2U,
(3.20)U ′2 + g2W 2 − 2gAWU ′ = 4c2e−2U,
which, for non-trivial warp factor, imply that
U ′ =AgW,
(3.21)B2g2W 2e2U = 4c2.
These equations agree with the modified equation for
the warp factor as suggested in [11]. Going back to
the equations of the scalar fields and using (3.21) and
(3.18), it can be easily seen that (3.16) is satisfied
provided
(3.22)(∂xA∂zW − ∂xW∂zA)= 0.
From the hyper scalars equation of motion (3.17) we
get the condition
(3.23)∂x∂YW∂yWgxy
(
δYZ − gZXGXY
)= 0,
and therefore, if gZXGXY 
= δYZ, one must impose
the condition ∂x∂YW = 0. For gauged supergravity
theories with one vectormultiplet, the condition (3.22)
is automatically satisfied. Moreover, using (3.18), the
scalar potential of the theory becomes
(3.24)V = g2
(
−6W 2 + 9
2A2 g
xy∂xW∂yW
)
,
which agrees with the form of the scalar potential
given in [11]. Note that the equations of motion
only require that the worldvolume be given by an
Einstein metric which may or may not admit any
supersymmetry.
We now return to the analysis of the projection
condition (3.1). The vanishing of the fifth component
of the gravitini supersymmetry variation together with
(3.4) imply more integrability conditions given by
(3.25)eU(AU ′ − gW)Q(r) + eUBU ′N(r) = 2c(r).
From the ‘supersymmetric’ flow equations (3.6) and
(3.7) one obtains, for non-trivial scalars, the following
condition
(3.26)BN(r)∂xW =AW∂xQ(r).
Using (3.21), (3.25) we obtain
(3.27)±c(AN(r) −BQ(r))= c(r)
and upon using (3.1), one finds that
∓cB= c(r)Q(r),
(3.28)±cA = c(r)N(r).
Multiplying (3.26) by c(r) (and summing over r),
then using (3.28) one can finally derive the following
condition:
(3.29)∂x(BW)= 0.
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Unfortunately this condition when combined with
(3.21) (and the rest of the conditions) leads to inconsis-
tencies. The only non-trivial solution is B = 0, A=1,
c= 0. With this, we are back to the cases discussed in
[5,8], where the projection condition is given by
(3.30)γ5εi =Q(r)σ (r)ij εj ,
and the only constraint one must impose is ∂xQ(r) = 0.
Therefore, we conclude that the equations of motion
are not consistent with integrability conditions for
the cases of non-zero cosmological constant. 3 Note
that for frozen scalars and under certain conditions
discussed in Section (2.4) of [5], the solution obtained
is actually AdS5 [11] and supersymmetry is fully
restored.
In what follows we give examples of possible
Einstein domain wall solutions. From the condition
(3.22), it can be seen that solutions may exist if one
takes A=A(W). Using (3.21) and (3.19) we obtain
(3.31)4c2e−2U =G(W),
(3.32)g2W 2(1−A2)= g2W 2B2 =G(W),
where G is some function of W. Differentiating
Eq. (3.31) one arrives at the following equation
(3.33)2
3
A2WG= (gxy∂xW∂yW) dG
dW
which is only consistent if one allows for the very
restrictive condition gxy∂xW∂yW = f (W) in which
case one has
(3.34)1
G
dG
dW
= 2
3
A2W
f
= 2W
3f
− 2G
3g2fW
,
which in reality is nothing but a differential equation
for A. Differentiating (3.32) and using (3.34) one
arrives at the following differential equation for A,
(3.35)A
1−A2
dA
dW
=−1
3
A2W
f
+ 1
W
.
This can be solved by
(3.36)B2 = 3
2
e
2
∫
( W3f (W)− 1W )dW
∫
dW W
f
e
2
∫
( W3f (W)− 1W )dW
= 1−A2.
3 It is amusing to note that the first-oder differential equations
representing the scalars flow are derived by assuming supersymme-
try.
Equivalently we can solve directly for the warp factor.
From Eq. (3.31), it is clear that the knowledge of
G(W) fixes e−2U . The differential equation for G
given by (3.34) can be integrated and one gets the
following solution
e2U = 4c2 1
G
(3.37)
= 8c
2
3g2
e
− ∫ 2W3f (W) dW
∫ 1
Wf
e
∫ 2W
3f (W) dW dW.
Obviously, the dependence of U on the coordinate z is
determined by W =W(z). Recalling that
(3.38)W ′ = ∂xWφ′x =−3gA g
xy∂xW∂yW =−3gA f,
we then obtain the following relation
(3.39)
∫ AdW
f (W)
=−3g(z− z0).
4. Discussion
In this Letter we studied the possibility of con-
structing domain wall solutions with Einstein world-
volumes (with a negative cosmological constant) for
the theories of five-dimensional N = 2 gauged su-
pergravity of [9] in the absence of tensormultiplets.
The first order differential equations representing the
so-called supersymmetric flow of the scalars are de-
rived (see also [10]). These equations are obtained
by assuming a certain projection condition on the
Killing spinors of the BPS solution and solving for the
vanishing of supersymmetry transformation of the
Fermionic fields in a bosonic background. The super-
symmetric flow equations of the scalars together with
Einstein and the scalar fields equations of motion are
analyzed and conditions under which solutions with
a cosmological constant on the worldvolume may ex-
ist are determined. It turns out that these conditions
can be made compatible with integrability conditions
coming from the Killing spinor equations only for van-
ishing cosmological constant.
The main result of this Letter is the derivation of
the constraints that must be imposed on the super-
gravity model in order to have domain walls with
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Einstein worldvolumes. The possible solutions con-
sidered generalize those considered in [11] to an ar-
bitrary number of vector and hypermultiplets. It re-
mains to be seen whether one can construct explicitly
N = 2 gauged supergravity theories satisfying the con-
straints derived in this Letter which are necessary for
the existence of curved Einstein domain walls. More-
over, it would be interesting to generalize our results to
four-dimensional theories and investigate general do-
main wall solutions with non-trivial gauge fields on the
worldvolume [17]. We hope to report on these issues
in a future publication.
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